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Planar Graphs

Recall: motivation

In most cases, we have to present graphs on the plane, like papers,
screens, etc.
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Planar Graphs

Recall: motivation

In most cases, we have to present graphs on the plane, like papers,
screens, etc.

Remark

When we draw graphs on a plane, if two edges intersect in the
interior, there would be an intersection point.
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Planar Graphs

Recall: motivation

In most cases, we have to present graphs on the plane, like papers,
screens, etc.

Remark

When we draw graphs on a plane, if two edges intersect in the
interior, there would be an intersection point. However, this point
is not a vertex. And this may make people think about another
graph with this vertex. So we want to study when can we avoid
such intersection.
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Planar Graphs

Recall: motivation

In most cases, we have to present graphs on the plane, like papers,
screens, etc.

Remark

When we draw graphs on a plane, if two edges intersect in the
interior, there would be an intersection point. However, this point
is not a vertex. And this may make people think about another
graph with this vertex. So we want to study when can we avoid
such intersection.

Remark

There are also practical applications, like in the Three
Houses-Three Utilities Problem.
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Planar Graphs

Definition

Definition

A graph is planar if it can be drawn in the plane in such a way
that no two edges cross. Such a picture of graph is called a plane
graph.
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Planar Graphs

Definition

Definition

A graph is planar if it can be drawn in the plane in such a way
that no two edges cross. Such a picture of graph is called a plane
graph.

Remark

Note that the definition is existential - as long as there exists one
way to draw the graph without crossing edges, then it is planar. As
a result, if one can’t do it in a few attempt, one still cannot draw
the conclusion that the graph is not planar.
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Planar Graphs

Example: 4

Example
Is the complete graph with 4 vertices K4 planar? J
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Planar Graphs

Example: 4

Example

Is the complete graph with 4 vertices K4 planar?

Solution

This plot has crossing edges
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Planar Graphs

Example: 4

Example

Is the complete graph with 4 vertices K4 planar?

Solution

This plot implies that K4 is

This plot has crossing edges planar
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Planar Graphs

Example: triangular prism

Example
The following graph is of
the triangular prism. Is it
planar?
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Planar Graphs

Example: triangular prism

Solution

Example
Yes.

The following graph is of
the triangular prism. Is it
planar?
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Planar Graphs

Example: triangular prism

E Solution
xample

Yes. If we enlarge the base
triangle a little bit, and
project the top triangle
onto the plane, we get the
3 following graph which is
! planar.

The following graph is of
the triangular prism. Is it
planar?
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Planar Graphs

Example: triangular prism

Solution
Example
The following graph is of Ye.s. o gn/arg? diie e e
. . . triangle a little bit, and
the triangular prism. Is it ) )
Sl project the top triangle
' onto the plane, we get the
! following graph which is
! planar.
Remark

Then we have natural questions: are there graphs that are not
planar? What is the characterization of planar graphs?
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Euler's Theorem



Euler's Theorem

Regions

Remark

In order to answer the questions, we need some preparation of
tools and results.
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Euler's Theorem

Regions

Remark
In order to answer the questions, we need some preparation of
tools and results.

Definition

For plane graphs, they separate the plane into several regions. In
particular, there is always a unique unbounded, unlimited region
outside of the graph, called the exterior region.
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Euler's Theorem

Regions

Remark

In order to answer the questions, we need some preparation of
tools and results.

Definition

For plane graphs, they separate the plane into several regions. In
particular, there is always a unique unbounded, unlimited region
outside of the graph, called the exterior region.

Example

Trees only have one region, which is the exterior region.
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Euler's Theorem

Connections to polyhedra

Remark

It was Euler who first studied the connection between planar
graphs and polyhedra, 3 dimensional solids who faces are polygons.
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Euler's Theorem

Connections to polyhedra

Remark

It was Euler who first studied the connection between planar
graphs and polyhedra, 3 dimensional solids who faces are polygons.

Proposition

For polyhedra, we can project down/expand it and convert it into a
planar graph. The number of vertices and edges remain the same,
and the number of regions is the number of faces.
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Euler's Theorem

Example: planar graphs of polyhedra

Remark

We have seen the projection of tetrahedron and triangular prism.
Another example would be the bi-pyramid:
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Euler's Theorem

Example: planar graphs of polyhedra

Remark

We have seen the projection of tetrahedron and triangular prism.
Another example would be the bi-pyramid:
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Euler's Theorem

Examples: number of vertices, edges and regions

Euler observed a pattern among the three numbers:

Polyhedron Vertices | Edges | Faces | V + F
Cube 8 12 6 14
Triangular Prism 6 9 5 11
Tetrahedron 4 6 4 8
Bi-pyramid 6 12 8 14
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Euler's Theorem

Examples: number of vertices, edges and regions

Euler observed a pattern among the three numbers:

Polyhedron Vertices | Edges | Faces | V + F
Cube 8 12 6 14
Triangular Prism 6 9 5 11
Tetrahedron 4 6 4 8
Bi-pyramid 6 12 8 14

Remark
In all these examples, V + F' — E = 2, what an amazing pattern!
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Euler's Theorem

Another formula by Euler

Theorem (Euler's Theorem)

Let V, E, F be the number of vertices, edges and faces of a
polyhedron. Then
V+F—-E=2.
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Euler's Theorem

Another formula by Euler

Theorem (Euler's Theorem)

Let V, E, F be the number of vertices, edges and faces of a
polyhedron. Then
V+F—-E=2.

Corollary

Let G be a connected plane graph with V vertices, E edges and R
regions, then

V-E+R=2
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Euler's Theorem

Proof of Euler's Theorem

Proof.

We use induction on E — V. Since the graph is connected,
E—V >—1.Ifitis —1, the graph is a tree and R = 1, good,;
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Euler's Theorem

Proof of Euler's Theorem

Proof.

We use induction on E — V. Since the graph is connected,

E—V >—1. Ifitis —1, the graph is a tree and R = 1, good,; if it
is 0, The graph has a unique cycle, then R = 2, good. Basis step
is done. Now suppose the theorem is true for all graphs with

E —V < m, where integer m > 0. We consider the case when
E-V=m+1.

Bo Lin Math 2603 - Lecture 24 Section 13.1 Planar graphs



Euler's Theorem

Proof of Euler's Theorem

Proof.

We use induction on E — V. Since the graph is connected,

E—V >—1. Ifitis —1, the graph is a tree and R = 1, good,; if it
is 0, The graph has a unique cycle, then R = 2, good. Basis step
is done. Now suppose the theorem is true for all graphs with

E —V < m, where integer m > 0. We consider the case when

E —V =m+ 1. Since there are enough edges, we can pick an
edge that appears in two cycles. Then if we delete that edge, E
decreases by 1, V is unchanged. What about R?
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Euler's Theorem

Proof of Euler's Theorem

Proof.

We use induction on E — V. Since the graph is connected,

E—V >—1. Ifitis —1, the graph is a tree and R = 1, good,; if it
is 0, The graph has a unique cycle, then R = 2, good. Basis step
is done. Now suppose the theorem is true for all graphs with

E —V < m, where integer m > 0. We consider the case when

E —V =m+ 1. Since there are enough edges, we can pick an
edge that appears in two cycles. Then if we delete that edge, E
decreases by 1, V is unchanged. What about R? The two cycles
now reformulate a bigger cycle, and the two regions becomes 1. So
R decreases by 1, too.
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Euler's Theorem

Proof of Euler's Theorem

Proof.

We use induction on E — V. Since the graph is connected,

E—V >—1. Ifitis —1, the graph is a tree and R = 1, good,; if it
is 0, The graph has a unique cycle, then R = 2, good. Basis step
is done. Now suppose the theorem is true for all graphs with

E —V < m, where integer m > 0. We consider the case when

E —V =m+ 1. Since there are enough edges, we can pick an
edge that appears in two cycles. Then if we delete that edge, E
decreases by 1, V is unchanged. What about R? The two cycles
now reformulate a bigger cycle, and the two regions becomes 1. So
R decreases by 1, too. By the inductive hypothesis, the theorem
holds for the new graph, so does it for the original graph, inductive
step is done. []
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Euler's Theorem

A necessary condition for planar graphs

Theorem

Let G be a planar graph with V' > 3 vertices and E edges, then
E <3V —6.
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Euler's Theorem

A necessary condition for planar graphs

Theorem

Let G be a planar graph with V' > 3 vertices and E edges, then
E <3V —6.

Proof.

We may assume that G is connected, otherwise we prove for each
connected component and add up the inequalities.
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Euler's Theorem

A necessary condition for planar graphs

Theorem

Let G be a planar graph with V' > 3 vertices and E edges, then
E <3V —6.

Proof.

We may assume that G is connected, otherwise we prove for each
connected component and add up the inequalities. For each
region, we counter the number of edges on its boundary, and write
this number in it. Let N be the sum of all these numbers. Then
N < 2F, as each edge serves as part of boundary for at most two
regions.
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Euler's Theorem

A necessary condition for planar graphs

Theorem

Let G be a planar graph with V' > 3 vertices and E edges, then
E <3V —6.

Proof.

We may assume that G is connected, otherwise we prove for each
connected component and add up the inequalities. For each
region, we counter the number of edges on its boundary, and write
this number in it. Let N be the sum of all these numbers. Then
N < 2F, as each edge serves as part of boundary for at most two
regions. In addition, each such number is at least 3, so N > 3R,
and 3R < 2F.
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Euler's Theorem

A necessary condition for planar graphs

Theorem

Let G be a planar graph with V' > 3 vertices and E edges, then
E <3V —6.

Proof.

We may assume that G is connected, otherwise we prove for each
connected component and add up the inequalities. For each
region, we counter the number of edges on its boundary, and write
this number in it. Let N be the sum of all these numbers. Then
N < 2F, as each edge serves as part of boundary for at most two
regions. In addition, each such number is at least 3, so N > 3R,
and 3R < 2F. Finally

6=3V -3E+3R<3V -3E+2E=3V - E.
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Euler's Theorem

[llustration of the number N

Example
Region | # edges

R1 3

R2 4

R3 4

R4 R4 4

R5 3

Triangular Prism N 18
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Euler's Theorem

[llustration of the number N

Example
Region | # edges

R1 3

R2 4

R3 4

R4 R4 4

R5 3

Triangular Prism N 18

E=9,18=2E=N > 15=3R.
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Conclusions

K5 is not planar

Remark

We can imagine that when n is not small, the complete graph K,
may not planar.
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Conclusions

K5 is not planar

Remark
We can imagine that when n is not small, the complete graph K,
may not planar.

Proposition

K5 is not planar.
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Conclusions

K5 is not planar

Remark
We can imagine that when n is not small, the complete graph K,
may not planar.

Proposition

K5 is not planar.

Proof.
V=5and E=(})=10>9=3V —6. O
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Conclusions

K33 is not planar

Remark

From the Three Houses-Three Utilities Problem, we know that
K33 is not planar, now we can prove it.
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Conclusions

K33 is not planar

Remark

From the Three Houses-Three Utilities Problem, we know that
K33 is not planar, now we can prove it.

Proposition

The complete bipartite graph K3 3 is not planar.
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Conclusions

K33 is not planar

Remark
From the Three Houses-Three Utilities Problem, we know that
K33 is not planar, now we can prove it.

Proposition
The complete bipartite graph K3 3 is not planar.

Proof.

Now V =6, FE =9. By Euler's Theorem, R=F +2 -V =5. Let
N be the sum of the number of edges of all regions. Then

N <2F =18.
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Conclusions

K33 is not planar

Remark
From the Three Houses-Three Utilities Problem, we know that
K33 is not planar, now we can prove it.

Proposition
The complete bipartite graph K3 3 is not planar.

Proof.

Now V =6, FE =9. By Euler's Theorem, R=F +2 -V =5. Let
N be the sum of the number of edges of all regions. Then

N < 2F = 18.Note that bipartite graphs don’t have triangles, so
each number is at least 4. Then N > 4R = 20, a

contradiction! O

Bo Lin Math 2603 - Lecture 24 Section 13.1 Planar graphs




Conclusions

Homeomorphic graphs

Remark
Is there a complete characterization of planar graphs?
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Conclusions

Homeomorphic graphs

Remark

Is there a complete characterization of planar graphs? Yes, but we
need more preparation.
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Conclusions

Homeomorphic graphs

Remark

Is there a complete characterization of planar graphs? Yes, but we
need more preparation.

Definition
Two graphs are homeomorphic if and only if both can be obtained
from the same graph by adding (degree 2) vertices to edges.
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Conclusions

SETIES

Example

Both graphs below are homeomorphic:
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Conclusions

SETIES

Example

Both graphs below are homeomorphic:
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Conclusions

SETIES

Example

Both graphs below are homeomorphic:

Remark

Homeomorphism preserves planar property.
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Conclusions

Kuratowski's Theorem

Remark

So far we know that any planar graph cannot have K33 or K5, or
graphs homeomorphic to them, as subgraph. It turns out that they
are sufficient too.
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Conclusions

Kuratowski's Theorem

Remark

So far we know that any planar graph cannot have K33 or K5, or
graphs homeomorphic to them, as subgraph. It turns out that they
are sufficient too.

Polish mathematician Kazimierz Kuratowski (1896-1980) proved
the following theorem:
Theorem (Kuratowski’s Theorem)

A graph is planar if and only if it has no subgraph homeomorphic
to K33 or Ks.
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Conclusions

Kuratowski's Theorem

Remark

So far we know that any planar graph cannot have K33 or K5, or
graphs homeomorphic to them, as subgraph. It turns out that they
are sufficient too.

Polish mathematician Kazimierz Kuratowski (1896-1980) proved
the following theorem:
Theorem (Kuratowski’s Theorem)

A graph is planar if and only if it has no subgraph homeomorphic
to K33 or Ks.

Remark
Next time, we will see a related topic - coloring of graphs and the
Four color Theorem.
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Conclusions

Homework Assignment #14 - today

Section 13.1 Exercise 4, 8, 11,
19.
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